A ring R is said to be a Baer (respectively, quasi-Baer) ring if the left annihilator of any nonempty subset (respectively, any ideal) of R is generated by an idempotent. It is first proved that for a ring R and a group G, if a group ring RG is (quasi-) Baer then so is R; if in addition G is finite then |G| −1 ∈ R. Counter examples are then given to answer Hirano's question which asks whether the group ring RG is (quasi-) Baer if R is (quasi-) Baer and G is a finite group with |G| −1 ∈ R. Further, efforts have been made towards answering the question of when the group ring RG of a finite group G is (quasi-) Baer, and various (quasi-) Baer group rings are identified. For the case where G is a group acting on R as automorphisms, some sufficient conditions are given for the fixed ring R G to be Baer.
Introduction
Throughout this paper R is assumed to be an associative ring with unity. For a subset X of R, let l R .X / denote the left annihilator of X in R. A ring R is said to be a Baer (respectively, quasi-Baer) ring if for any nonempty subset (respectively, any ideal) X of R we have l R .X / = Re where e 2 = e ∈ R. The concept of a Baer ring was introduced by Kaplansky in [9] to abstract properties of rings of operators on a Hilbert space, while the notion of a quasi-Baer ring was first used by Clark [5] in 1967 to characterize when a finite dimensional algebra with unity over an algebraically closed field is isomorphic to a twisted matrix units semigroup algebra. The definitions of Baer and quasi-Baer rings are indeed left-right symmetric by [9] and [5] . For the development and an up-to-date account of the study of quasi-Baer and Baer rings, we refer to the article of Birkenmeier, Kim and Park [1] . The objective of this paper is to consider the question of when a group ring is (quasi-) Baer. Several related results can be recalled. If R is a quasi-Baer ring and C ∞ is the infinite cyclic group and H is the discrete Heisenberg group, then the group rings RC ∞ and R H are quasi-Baer. This result was obtained in [2] , following the authors' result that a ring R is quasi-Baer if and only if R[x] is quasi-Baer, and if and only if R[x; x −1 ] is quasi-Baer. For an ordered monoid G, it was proved in Hirano [7] that if R is a quasi-Baer ring then the monoid ring RG is quasi-Baer and that RG is a reduced Baer ring if and only if the same is true of R. It was proved in [6] that if R is a reduced ring and G is a so called 'u.p.' semigroup then the semigroup ring RG is Baer if and only if the same is true of R. In [3] , the authors proved that for a so-called 'u.p.' monoid G, the monoid ring RG is quasi-Baer if and only if the same is true of R. The main idea in proving all these results is similar to that used in the cases of (Laurent) polynomial rings and it does not help for the question of when a group ring is (quasi-) Baer (which was raised in [1, Question 2.12]). In the Open Problem Section of the Third International Symposium on Ring Theory (Kyongju, South Korea, 1999), Hirano asked whether the group ring RG is quasi-Baer if R is quasi-Baer and G is a finite group with |G| −1 ∈ R. The group ring of a group G over a ring R is denoted by RG. Write C n for the cyclic group of order n. The following results are obtained: If RG is (quasi-) Baer then so is R; if RG is quasi-Baer and G is a finite group then |G| −1 ∈ R. As a response to Hirano's question, two integral domains R 1 ; R 2 with 2 −1 ∈ R 1 and 3 −1 ∈ R 2 are constructed such that R 1 C 2 k and R 2 C 3 l are not quasi-Baer for any k ≥ 2 or any l ≥ 1. We also construct a Baer ring R with 6 −1 ∈ R such that RS 3 is not Baer. In addition, we prove that Hirano's question has a positive answer when G = C 2 or G = S 3 and that if D ∞ is the infinite dihedral group then R D ∞ is quasi-Baer if and only if R is quasi-Baer. Two sufficient conditions are obtained for a fixed ring to be Baer.
For any finite subgroup H of a group G, we letĤ = h∈H h. If g ∈ G has finite order, we defineĝ =Ĥ where H = g . We write Z for the ring of integers and Z n for the ring of integers modulo n. As usual, Q is the field of rationals and C denotes the field of complex numbers. The imaginary unit is denoted by i. The n × n matrix ring over R is denoted M n .R/.
Necessary conditions
We start by proving the following. THEOREM 2.1. Let R be a subring of a ring S such that both share the same identity. Suppose that S is a free left R-module with a basis G such that 1 ∈ G and ag = ga for all a ∈ R and all g ∈ G. If S is (quasi-) Baer then so is R.
PROOF. We give the proof for the case of quasi-Baer rings and the proof for the case of Baer rings is similar. Let I be an ideal of R. Since S is quasi-Baer, l S .S I / = Se where e 2 = e ∈ S. Write e = a 0 g Þ.0/ + · · · + a n g Þ.n/ where g Þ.0/ = 1 and the g Þ.i/ ∈ G are distinct and a i ∈ R. Then for all a ∈ I we have 0 = ea = .a 0 g Þ.0/ + · · · + a n g Þ.n/ /a = a 0 ag Þ.0/ + · · · + a n ag Þ.n/ ; which shows that a i a = 0. Therefore a i I = 0 for i = 0; : : : ; n. Thus
So a i ∈ l S .S I / = Se, which implies that a i = a i e. It follows that a
So r ∈ l S .S I / = Se. This shows that r = re = r .a 0 g Þ.0/ + · · · + a n g Þ.n/ / = ra 0 g Þ.0/ + · · · + ra n g Þ.n/ :
So r = ra 0 ∈ Ra 0 . Hence l R .I / = Ra 0 . 
THEOREM 2.4. If G is a finite group and the group ring RG is quasi-Baer then
PROOF. It is well known that the augmentation ideal is !.RG/ = g∈G R.1 − g/ and l RG .!.RG// = RGĜ (see [11, Lemma 1.2, p.68]). Since RG is quasi-Baer, we have
where e 2 = e ∈ RG. There exists r g g ∈ RG such that e = r g g Ĝ = r g Ĝ . Thus r g Ĝ = e = e 2 = |G| r g 2Ĝ , which shows that
Since RGĜ = 0, we have e = 0, so |G| = 0. Hence the following claim has been proved.
CLAIM 2.5. If a group ring of a finite group is quasi-Baer then the order of the group is not zero in the coefficient ring.
Now let n = |G| and r = r g . By (2.1),Ĝ = s g g e = s g g rĜ. Applying augmentation mapping to both sides yields n = s g rn:
By (2.2) and (2.3), it suffices to show that l R .n/ = 0. Suppose that l R .n/ = 0. Then
Since RG is quasi-Baer, it follows by Clark [5] 
Claim. This contradicts the fact that n.1 − f / = 0. Hence l R .n/ = 0. The proof is complete.
The next fact is an immediate consequence of Theorem 2.4. EXAMPLE 1. ZG is not quasi-Baer for any nontrivial finite group G. EXAMPLE 2. Let G be a finite group and n be an integer with n > 1 . Then the following are equivalent: If .3/ is satisfied then Z n G is a semisimple ring by Maschke's Theorem, so .1/ holds.
Group rings of finite groups and Hirano's question
Let R be a ring and G be a finite group. If RG is (quasi-) Baer then R is (quasi-) Baer and |G| −1 ∈ R. Thus it is natural to ask whether the converse holds true. This question on quasi-Baer rings has been raised by Hirano [8] . In this section, counter-examples to these questions are given and various (quasi-) Baer group rings are identified.
is (quasi-) Baer if and only if the same is true of R.
PROOF. Write C 4 = {1; g; g 2 ; g 3 } and let e = . 
is a central idempotent of RC 3 and RC 3 = .RC 3 /e × .RC 3 /.1 − e/, where .RC 3 /e = {re : r ∈ R} ∼ = R and .RC 3 /.1 − e/ = {r + sg + .−r − s/g 2 : r; s ∈ R}:
PROOF. Next we give counter-examples to Hirano's question for G = C 3 and C 4 . EXAMPLE 3. Let R 0 = {n=2 k : n ∈ Z; k a non-negative integer}. Then R 0 is a subring of Q. Set
Then R is a subring of C with 1=2 ∈ R. Because R is a domain, it is certainly Baer. Clearly i = ∈ R. Moreover, for r = 3 and s = 3i, we have s = r i ∈ Ri ∩ R. So, by Theorem 3.6, R[x]=.x 2 + 1/ is not quasi-Baer. Hence RC 4 is not quasi-Baer by Corollary 3.4. EXAMPLE 4. Let R 0 = {n=3 k : n ∈ Z; k a non-negative integer}. Then R 0 is a subring of Q. Set
Then R is a subring of C with 1=3 ∈ R. Because R is a domain, it is certainly Baer. Let a = 2 √ 3i, b = −.3 + √ 3i/ and w = b=a. Then a; b ∈ R and w = .
is a root of x 2 + x + 1. So Rw ∩ R = 0. Moreover, it is easy to verify that the equation EXAMPLE 5. If R is the ring in Example 3 and G is a group containing a subgroup isomorphic to C 4 , then RG is not Baer by Theorem 3.7. In particular, for all k ≥ 2 the group ring RC 2 k is not Baer and hence not quasi-Baer. Similarly, if R is the ring in Example 4 and G is a group containing a subgroup isomorphic to C 3 , then RG is not Baer. In particular, for all k ≥ 1 the group ring RC 3 k is not quasi-Baer.
A new family of quasi-Baer rings can be obtained as group rings of S 3 .
COROLLARY 3.9. (2) Since ZD ∞ is quasi-Baer but ZC 2 is not, the quasi-Baer analog of Theorem 3.7 does not hold. In Example 8 below, an integral domain R is given such that RC 3 is not quasi-Baer but RS 3 is quasi-Baer (so 6 −1 ∈ R). REMARK 2. In view of Corollary 3.9 and Theorem 3.10, it would be interesting to know when the group ring R D n of the dihedral group D n of order 2n is quasi-Baer. The method used in proving Theorem 3.10 can be used to show that if RC n is quasiBaer and 2 −1 ∈ R then R D n is quasi-Baer, but the converse does not hold because of Remark 1(2).
Fixed rings
Let G be a group acting on a ring R as automorphisms and let R G be the fixed ring of G acting on R. Here we study the conditions under which R G becomes (quasi-) Baer. 
Thus, for r ∈ l R G .A/, we have r = re g for all g ∈ G. Hence
The next example shows that the assumptions (i) and (ii) in the previous theorem are necessary. 
In contrast to Theorem 4.1, we give in our concluding example a quasi-Baer ring S and a finite group G acting on S as automorphisms such that |G| −1 ∈ S and S G is not quasi-Baer. The last isomorphism is by Lemma 3.1. To see the second last isomorphism, note that f 2 = 9e and f e = e f = f , so re + .s=3/ f → r + sh (where C 2 = {1; h}) is the required isomorphism. Therefore, it follows by Lemma 3.5 that .RS 3 / G ∼ = R × RC 3 : EXAMPLE 8. Let R 0 = {n=6 k : n ∈ Z; k a nonnegative integer} and set R = {a + 5b √ 3i : a; b ∈ R 0 }:
Then R is a subring of C and 6 −1 ∈ R. It is easy to see that x 2 + x + 1 = 0 is not solvable in R. Moreover, if w = .−1 ± √ 3i/=2 (a root of x 2 + x + 1), then 10w = −5 ± 5 √ 3i ∈ R. So Rw ∩ R = 0. Hence, by Lemma 3.5 and Theorem 3.6, RC 3 is not quasi-Baer. Let G be the group in Lemma 4.2. Then |G| = 3 and .RS 3 / G ∼ = R × RC 3 by Lemma 4.2. So it follows that |G| −1 ∈ RS 3 and .RS 3 / G is not quasi-Baer. However, RS 3 is quasi-Baer by Corollary 3.9. In summary, (1) RS 3 is quasi-Baer (so 6 −1 ∈ R), (2) RC 3 is not quasi-Baer, (3) .RS 3 / G is not quasi-Baer where |G| = 3 is a unit of RS 3 .
